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Lwj 4o in Gravitational Scattering

Some questions about the Lw 4, symmetry [Strominger ‘21] of tree-level amplitudes in
minimially-coupled Einstein gravity:

1. What (dual) descriptions for gravitational scattering make the Lw; 1
symmetry manifest?

2. How can the symmetry be used concretely to constrain and construct
amplitudes, particularly from the celestial dual perspective?

3. Is a particular known set of gravitational amplitudes is specified fully by (dual)
Lwi o symmetry?

This talk will describe a result related to these questions:

Hodges’ formula for (stripped) tree-level MHV gravitational scattering amplitudes
[Hodges ‘12], expressed as a forest formula, is generated by a one-particle recursion that
corresponds to a 2D Ward identity of L~ symmetry in the celestial dual.



Hodges’ Formula for MHV Graviton Amplitudes



Hodges’ Formula for MHV Graviton Amplitudes

Consider the mostly-plus tree-level maximally-helicity-violating (MHV) scattering
amplitude M, in pure Einstein gravity, with n external external gravitons:

M = i(20) 6 (p1 + ... + pn) M.

Gravitons 1 and 2 are negative helicity, while the rest are positive helicity.



Hodges’ Formula for MHV Graviton Amplitudes

Consider the mostly-plus tree-level maximally-helicity-violating (MHV) scattering
amplitude M, in pure Einstein gravity, with n external external gravitons:

M = i(20) 6 (p1 + ... + pn) M.
Gravitons 1 and 2 are negative helicity, while the rest are positive helicity.
Next, consider the n X n matrix W with entries given by
ala 7
Wy = m) ! .;é - a; = (i)’
Zk 1,k#1 Lk) iy =]

for an arbitrary reference spinor |«).



Hodges’ Formula for MHV Graviton Amplitudes

Consider the mostly-plus tree-level maximally-helicity-violating (MHV) scattering
amplitude M, in pure Einstein gravity, with n external external gravitons:

M = i(20) 6 (p1 + ... + pn) M.
Gravitons 1 and 2 are negative helicity, while the rest are positive helicity.
Next, consider the n X n matrix W with entries given by
Uy = { gzj]) - z:;é ]:’ a; = (ai)?
Zk 1,k Lk> aiar =]
for an arbitrary reference spinor |«).

Hodges’ formula describes the “stripped amplitude” M,, as the determinant of an
(n—3)x (n—3) minor of ¥, |¥|{33, where rows and columns 1, 2, 3 are removed:

(a1a2a3) 1

My = (12)° dias 53 [P35, €129 = frgymayyy-



Hodges’ Formula for MHV Graviton Amplitudes

Consider the mostly-plus tree-level maximally-helicity-violating (MHV) scattering
amplitude M, in pure Einstein gravity, with n external external gravitons:

M = i(20) 6 (p1 + ... + pn) M.
Gravitons 1 and 2 are negative helicity, while the rest are positive helicity.
Next, consider the n X n matrix W with entries given by
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Hodges’ formula describes the “stripped amplitude” M,, as the determinant of an
(n—3)x (n—3) minor of ¥, |¥|{33, where rows and columns 1, 2, 3 are removed:

(a1a2a3) 1

My = (12)° dias 53 [P35, €129 = frgymayyy-

A slightly more general form of Hodges’ formula can also be related to the NSVW
tree formula [Nguyen, Spradlin, Volovich, Wen ‘09].
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Note that the action of the recursion is simply the action of the exponentiated tower
of universal massless soft factors [Hamada, Shiu ‘18, Li, Lin, Zhang ‘18, Guevara ‘19, Bautista,
Guevara ‘19] that generate the action of w14, on hard massless particles [Himwich, Pate
21, Adamo, Mason, Sharma ‘21].



Main Result: New Recursive Form of Hodges’ Formula

For n > 3, Hodges’ formula for (the stripped) M, satisfies the following simple
one-particle recursion relation, which allows it to be computed from M,,—;:

Maca (1) 1 9 2 - ), o),

M, =

3‘2
KN

2
The base of the recursion is the usual representative M3 = (%) , which

then can be used to generate all M,,~3.

Note that the action of the recursion is simply the action of the exponentiated tower
of universal massless soft factors [Hamada, Shiu ‘18, Li, Lin, Zhang ‘18, Guevara ‘19, Bautista,
Guevara ‘19] that generate the action of w14, on hard massless particles [Himwich, Pate
21, Adamo, Mason, Sharma ‘21].

So, Hodges’ (stripped) determinant formula can be obtained by simply acting with
the exponentiated soft factor repeatedly on the stripped three-point amplitude.

Recursion involving the exponentiated soft factor, accompanied by the shift of a second particle, was also

studied in a celestial context in [Guevara ‘19, ‘22, Ren, Schrieber, Sharma, Wang ‘23].
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Other recursive formulae

Our recursive formula is a one-particle (non-momentum-conserving) shift that acts
on all of the gravitons, both positive and negative helicity:

[ (o)™ yr (G ey, [ =), ‘%]:'Z”%'”]

M,(1, 71"L):i:31—i><12>2Mn,1(2...1...n)
2) = 2] = (i) ) =i J=q+ 42
2=l2), B=R+ gl = A=l
Hodges’ original recursive formula also shifts two particles:
)N lin] (10)(29) Do
M,(1. )7; = <1n><2n>Mn_1(1 ...... 1)
=, 1=0E oy, = G
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Recall Hodges’ formula

(a1a2a3)2 123 _ 1
0123 Hn )2 [¥l133, 01237m7

where |¥|123 is the determinant of an (n—3) x (n—3) minor of ¥ with rows and columns 1, 2,
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To prove the recursive formula, we use the matrix-tree theorem (following [Feng, He *12]), which
implies:
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where 1,5 is the set of rooted forests consisting of three rooted trees with roots 1, 2, 3 and
nodes valued in 1, . . ., n. A rooted tree with root k is a tree containing the node £, so the rooted
forests have three disconnected trees with the roots 1, 2, 3 each in a different tree.
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where |¥|123 is the determinant of an (n—3) x (n—3) minor of ¥ with rows and columns 1, 2,
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To prove the recursive formula, we use the matrix-tree theorem (following [Feng, He *12]), which
implies:

wliss = > I -v),
FeFTy3 \eij € edges(F)

where 1,5 is the set of rooted forests consisting of three rooted trees with roots 1, 2, 3 and
nodes valued in 1, . . ., n. A rooted tree with root k is a tree containing the node £, so the rooted
forests have three disconnected trees with the roots 1, 2, 3 each in a different tree. Then

— 198 (o1 919208 ) i,
M, = (12) ( 123 = z) Z H ( ><ij) i G

[¢)
£=1 FeFTy5 \eij € edges(F)
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Low-point examples: n = 3

For the three-point amplitude

0= (g

the only possible rooted forest of three trees is simply the three roots themselves:

®
® ©

This is the only element of F3,5 (i.e. the set of rooted forests with roots 1,2,3 and
total number of nodes n = 3) and is the base of the recursion.
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Low-point examples: n =4

At four points,
B (12)4 1 \?/[14] [24] [34]
= (ann e (g1 0747+ G027 00+ 1y o0(o?).

This is represented by the sum over the forests

O
that are the elements of Fi53 (i.e. the set of rooted forests with roots 1,2,3 and total
number of nodes n = 4). In each forest, the edges carry multiplicative weight factor

@ [i4]
= Ha){aj)
@

© 4+ O
@@@

(i5)



Higher-point example: n = 18

This is a rooted forest of three trees with roots 1,2,3. It is an element of Fi55, which
contributes to Mig.
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Recall Hodges’ formula written with forests
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Recall Hodges’ formula written with forests
8 arazas \” [4]
Mn = <12> 61231_[”7 Z H Waiaj
e=1 FEFTy5 \ e € edges(F) K

and the recursive formula

(o

[m

ng

{am)

> (i)

The recursive step involves two modifications of M,,_; for each i:
lin] (ai)?

(in) {am?’

2. The transformation, for every forest F, of the factor
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1. Multiplication by an overall factor of and

This can be understood using forests with a new node 7 attached in a special way.
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Proof of Recursive Formula

1. Multiplication by an overall factor of }Z;{ é;’:f; can be represented in the forest

formula by adding a special edge e;,, between 7 and the new node n.

This edge is drawn with an arrow pointing from 7 to ¢, with the special weight

in] (ci)?

(in) (an)?

The directed arrow on this edge is drawn to anticipate that nodes connected to n will
have another special weight.
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2. Consider the neighbors of a node 7. The transformation
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j € neighbors of ¢ j € neighbors of ¢

(when expanded) involves a sum over all combinations of trees where each node j
formerly connected to 7 instead either has one of two options:

a) it is still connected to ¢ with an edge e; weighted by the usual factor <[ ]> a;a;, Or

b) it has a node n inserted between ¢ and j such that j is connected to n with an

edge e;, weighted by another special factor [<17; <(al>> a;a; that depends on 1.
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2. Consider the neighbors of a node 7. The transformation

i, [i] (o {om)
I e - 1l (<iy> 5+ 57 ad )

j € neighbors of ¢ j € neighbors of ¢

(when expanded) involves a sum over all combinations of trees where each node j
formerly connected to 7 instead either has one of two options:

a) it is still connected to ¢ with an edge e; weighted by the usual factor <[ ]> a;a;, Or

b) it has a node n inserted between ¢ and j such that j is connected to n with an

edge e;, weighted by another special factor [<17; <(m>> a;a; that depends on 1.

This gives a product of special edges e;, and ejy, (recall a; = (i)

% [ (an) ) ( lin] faiy?
o (G e 55 (fay )
o L

% part g part

The highlighted factors emphasize that the special weight of e;,, generated by
the recursive formula depends on i because of the directed arrow edge e;,.
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The recursive transformation
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Proof of Recursive Formula (continued)

The recursive transformation

i, il [ o)
I e - 1l (<ij> G E ) (o) )

j € neighbors of ¢ j € neighbors of ¢

thus has graphical form

@ . ® @ ®
6 @ recursive rule (D o+ ‘0 o+ @ o
D & © @ © o
@ @ @
A ? ot P~o+ XX o
& © e @ ©
D, @
+ ® ®) + © ®)
o—0 0
Generally, if a collection of s neighbors attach to the node 7 in a graph, the recursive

formula transforms this into a sum of 2° graphs where 7 attaches to 7 by an arrowed
edge and all s neighbors can attach to either 7 or n. In this example s = 3.
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The full result of the recursive formula, summed over 7, transforms the sum over all
rooted forests F5;" with n — 1 nodes into a sum over i of all arrowed rooted forests
with n nodes, i.e. rooted forests with n nodes in which the node 7 is special and

points to exactly one neighbor node 7 with an arrowed edge.
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Proof of Recursive Formula (continued)

The full result of the recursive formula, summed over 7, transforms the sum over all
rooted forests F5;" with n — 1 nodes into a sum over i of all arrowed rooted forests
with n nodes, i.e. rooted forests with n nodes in which the node 7 is special and
points to exactly one neighbor node 7 with an arrowed edge.

We denote the set of arrowed rooted forests by F{%3".

Schematically, the action of the recursive formula takes a sum over forests in F[53"

to a sum over forests in Fis3 ':

recursive n—1
formula
A'[nfl X E E E




Proof of Recursive Formula (continued)

Using the notation of arrowed rooted forests, we now have

W, (am)
£ (i) oz Mn1 (ool 1+

mm}, cl)
= <12>8 i (Cl23(11(12113>

n—1
i=1 =1

> | 10

Wl
FeFs3"

’
ey € edges(F)

where, assuming without loss of generality that £ < [, the weights wy; are defined by
the edges we described above:

(KD

Th Ak, k 1+ n,
— ) [in] (ai)? i
Wil = 4 Ty Tam 2 k=1il=mn,
M (an)

() (aiy %0k k# i, l=n.



Proof of Recursive Formula (contintued)

Comparing the action of the recursion

Mo—1(.. 10, 14 + %m],..)

n—1 2
=(12)%) <6123aln(121a3£> > I wul.

i=1 =1 Fej:lnysf ey € edges(F)

and the n-point formula

2 y
a1 as2a3 q
M, = (12)® (0123n7a) E | | [Tj]aiaj ,
¢

£=1 FeFTys eijEedges(F)< >

we see that the recursive formula holds if we prove that the sum over ¢ € [1,n — 1]

of arrowed rooted forests {53 " appearing in the recursive formula is a factor of 0712
n

times the sum of regular rooted forests F153 with regular edges.



Proof of Recursive Formula (contintued)

Comparing the action of the recursion

! nil {ad)? an
[ focd) Mn71<...,|¢>,|z'1+ﬁwm)

n—1 2
=(12)%) <6123aln(121a?’£> > I wul.

i=1 =1 FeFN33% \ep € edges(F)

and the n-point formula
8 arazas \? (4]
M, = <12> C123  +=n Z H <.7.>aiaj 5
=1% FeFTy5 \eij € edges(F) K
we see that the recursive formula holds if we prove that the sum over ¢ € [1,n — 1]
of arrowed rooted forests {53 " appearing in the recursive formula is a factor of 0712
times the sum of regular rooted forests F153 with regular edges.

To conclude, we want to prove that the sum over ¢ € [1, n — 1] of arrowed forests
amounts to forgetting the decoration of the arrow (and multiplying by a factor of ﬁ).
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Proof of Recursive Formula (concluded)

Consider an example of summing the placement of an arrowed edge over three
neighbors of n. This is equal to a graph with the arrow removed multiplied by (%2

Generally, let m denote the set of neighbors of n, and « € m index this set. We show

1 n
ST wn ) = 2 [ TT “aran ),
2\ L

LeEm \tem

which largely amounts to use of the partial fraction identity

ST AR TS < O SRS O 0
; (<an>) un) Ul () Ul (ne)”
L

Performing the set of all such sums over all such possible arrowed rooted forests
turns out to be exactly the sum over the set of all regular (unarrowed) rooted forests

multiplied by -, which concludes the proof.
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Recall the recursive formula
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Recursive Formula as an Lw 4, Ward identity

Recall the recursive formula
. [m] ~ a2 lom)

n— 1717"'7 ) - y Ty _17 —1]).

§= m> (1), (1] |4) IZ}+<M>|H] |n—1), |n—1])

To interpret this as an Lw Ward identity, we will show that for particular choices
of spinors, the resursive action follows from the action of a Lw1 4« current with OPE

G+(z,'7 S\Z) G+(Zj, S\J) ~ M G+(Zj, S\j + )\z),

Zij

where }; is interpreted as color index for the w1 4, symmetry (G G~ is analogous).



Recursive Formula as an Lw 4, Ward identity

Recall the recursive formula
. [m] ~ a2 lom)

n— 1717"'7 ) - y Ty _17 —1]).

§= m> (1), (1] |4) IZ}+<M>|H] |n—1), |n—1])

To interpret this as an Lw Ward identity, we will show that for particular choices
of spinors, the resursive action follows from the action of a Lw1 4« current with OPE

G+(z,'7 S\Z) G+(Zj, S\J) ~ M G+(Zj, S\j + )\z),

Zij
where }; is interpreted as color index for the w1 4, symmetry (G G~ is analogous).
This is related by a change of basis of the w4 algebra to an OPE

Wb (2 )l (2) ~ — (m(q — 1) — np — 1)) wH57%(2).

m-+n
212 +
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The tree-level graviton splitting functions are, with pp = p1 + pa:
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SphtJr2 : Splittg’+2 . Sphtt2 : Sphti2 :
1+\+¥/2++ 2 1+§(2 1+\+¥/2

P X P+t P
[12] _ (Pa)* 0 [12] _ (2a)8 (12) (aP)*(a2)?
(12) (1a)2(2a)? (12) (Pa)d(1a)?2 [12] (a1)6 "



Review of Holomorphic Collinear Limits

The tree-level graviton splitting functions are, with pp = p1 + pa:

42,42
Sphtj:er :

p—

[12] (Pa)?

(12) (1a)2(2a)?

With the choice p = % (1 + zizi, 2 + Zi, —i(z — Zi), 1 —

() e

42,42
Split™5 :

wi
), a=
Wwizi

42,-2
Split™5 :

P+t

[ 2] <2a>6

(12) (Pa)d(1a)?2

(12
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Review of Holomorphic Collinear Limits

The tree-level graviton splitting functions are, with pp = p1 + pa:

SplitT2 " : Split 22 SplitT272 Split 2 =2 :
1++ o+t - 1+t 9—— 1+t 9
P X pt+ p—
2] _ (Payt 0 2] 208 (12) (aP)¥(a2)?
(12) (1a)2(2a)? (12) (Pa)d(1a)?2 [12] (a1)6 "

With the choice p; = %(1 + ziziy, zi + Zi, —i(zi — 21), 1-— Zﬂi),
1 < ; 0 L . _ \
i = (ZZ) ;A= (::%Z) , a= (1) ; () = 25, (4] = wiwjzyy, (@) =1,

then the collinear splitting functions read

lim G+(Zi, 5\1) Gi(zj, 5\3) = M Gi(Zj, S\j + )\Z)

2;5—0 Zij

The \; is interpreted as color index for the w4 symmetry.
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Abstractly, the w14, algebra is just the algebra of functions of two variables (say q
and p) where the Lie bracket is the Poisson bracket.

[f; 9] = 04fOpg — Oqg Opf.

Two natural bases for the Lie algebra elements are 2D plane waves and monomials:

Ts = eXp(iq A+ ip :\2), [Ts,, Ts,] = [12T5, 5,
1 m— —m— —
T, = §qp+ tprmml, [T%,, Té) = (m(q— 1) — n(p — 1)) THE2,

where we recall [i]] = ;\? :\Jl — 5\21;\]2 The first basis corresponds to the momentum
space particles G*(z, A) and the second basis the conformal primary modes u”,(2):

limo G (ZZ‘, 5\1) Gi(Zj, X]) = [zﬂ] Gi (Zj, 5\3‘ + 5\1),
2= i
lim W, (z1)wl (z2) = —— (m(g—1) — n(p— 1)) w202 (z4).
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The two bases
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Review of W~ in Two Bases (continued)

The two bases

~ _a 1 _ o
T5 = eXp(iqu +ip /\2) Th = 5"
for the w1+~ algebra are related by
qp+m—1pp—m—1
dz dw
_ 2-2p ! 2 2p+te zw(q+pz)
i P (p+m—1)!(p—m—1)! lL}I%é i m/

Likewise, the usual w?,(z) currents are also related to G (2, A) by
win(2)

_1'2*217 A1V 1)\ T; dz d["}22p+6+
=5 (p+m—1)1(p—m—1)! 1]_1)1“(1)6 27rzzP — Gt (z N).
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Main Result Interpreted as an L, Ward Identity

Hodges’ formula is therefore generated by two simple 2D celestial rules:

1. The n = 3 base case for M3 must be satisfied, i.e.

- - - B
<G7(z1, )\1) Gi(zg, )\2) G+(AZ37 )\3)> = %
#12%23%431

2. The n-particle correlator must be determined by the (n — 1)-particle correlator
using the Lw o, Ward identity

<G7(Z1, 5\1) G~ (ZQ7 :\2) ... G+(Zn, ;\n)>

n—1 -
ez} ~ ~ ~ ~ ~
=Y %(G_(zh)\l) G~ (22,22) ... GT (25, A + An) .. GF (2n—1, An—1) ).
=1 ™



Main Result Interpreted as an L, Ward Identity

Hodges’ formula is therefore generated by two simple 2D celestial rules:

1. The n = 3 base case for M3 must be satisfied, i.e.
Ay

<G7(251,5\1) 07(22,5\2) G+(25375\3)> = 5 9 9 -
12723431

2. The n-particle correlator must be determined by the (n — 1)-particle correlator
using the Lw o, Ward identity

<G7(Z1, 5\1) G~ (ZQ7 :\2) ... G+(Zn, ;\n)>
n—1 ;
= Z @<G_(z1,5\1) G_(ZQ, 5\2) o G+(zi,5\i + S\n) c.. G+(zn,1, 5\,171)>.
i=1

From the recursive formula we have proved (in the spinor choices just described) any
correlator that satisfies these two rules immediately satisfies

M, = <G7(21,5\1) Gi(ZQ,S\Q) cen G+(Zn7 Xn)>7

which is how the Lw ., Ward identity generates Hodges’ formula.
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Comments on Momentum Conservation

» Our celestial “dictionary” for the full MHV amplitude M,: start with the base
case for (stripped) M3, repeatedly apply the recursive Ward identity to compute
M, then multiply by the momentum-conserving delta function at the end.

Note that M, is not invariant under the choice of the reference spinor |c), though Hodges
showed that the full amplitude M, will be invariant when momentum is conserved.

» The recursive formula could likely be better understood with the twistor string
[Skinner *13] or momentum twistors, which could clarify the delta function’s role.

» The violation of momentum conservation by one-particle recursion is a
reflection of the fact that away from the strict holomorphic collinear limit, two
massless particles with momenta pf = 0 and p3 = 0 have (p; + p2)* # 0.

In the language of celestial OPEs: the leading term in OPEs derived from holomorphic
collinear limits is covariant under a chiral half of Poincaré involving two translations, but
it is not covariant on its own under the other two translations.
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More Comments on Momentum Conservation

>

It is possible to generate exactly two of the four components of the
momentum-conserving delta function with an Lw 4o recursion.

With our spinor choices in which (5\1'1, ;\22) = (p§ + p?, p} — ip2), the delta function
becomes 62(3°,; A;)82(3; 2:1:). The two components 62(3",; X;) are generated by the
recursive formula if the n = 3 base case includes 62(5\1 + o+ 5\3) [Guevara 22,24].
This is natural because §2 (5\1 + 5\2) is the invariant Killing form of the w1 4o algebra.

It is not apparent how to similarly generate the other two components of the
delta function 62(3", zi\:). [Guevara 22] discussed the recursion relation applied
to M,,—1 instead of M,_1, and found that it generated M, as well as additional
terms (needed to conserve momentum) corresponding to poles at infinity.

Alternatively, all four components could be constructed with a celestial leaf
correlator [Melton, Sharma, Strominger ‘23, Melton, Sharma, Strominger, Wang ‘24, Mol ‘24].

The recursive formula is the action of the exponential universal massless soft
factor [Hamada, Shiu ‘18, Li, Lin Zhang ‘18, Guevara ‘19, Bautista, Guevara ‘19].

This generates the action of w1~ on hard particles [Himwich, Pate 21, Adamo,
Mason, Sharma 21] but does not conserve momentum, so the most it can generate is
a stripped amplitude.
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Summary

2
From the base case M3 = (%3?;(31)) , Hodges’ formula for the stripped

tree-level mostly-plus MHV graviton amplitude M,, with n > 3 is generated by the
one-particle recursion relation
(an)

Y M
; ng ()

This is a Ward identity for Lwi 4+, symmetry on the celestial sphere.

"—1(|1>7|1]v 7|Z>7M+ |n}7 7|n71>7|n71])'

Y

For Further Exploration
1. A further understanding of the role of momentum conservation.
2. Do other MHV amplitude representatives satisfy the recursive formula?
We know of exactly one other: (5.54) of [Miller ‘24].
3. Is there an analogous recursion relation for all-plus amplitudes?

From the realization of Lw 4 in twistor space, one natural expectation is that Lw1 4o
generates amplitudes of the self-dual sector. Self-dual amplitudes vanish at tree level, but
the recursion could appear at one loop, where it is known that Lw 4 o, Symmetry is
perturbatively exact [Ball, Narayanan, Saltzer, Strominger ‘21, Bittleston ‘22].



